Abstract. We construct a new infinite family of models of exotic 7-spheres. These models are direct generalizations of the Gromoll-Meyer sphere. From their symmetries, geodesics and submanifolds half of them are closer to the standard 7-sphere than any other known model for an exotic 7-sphere.
Introduction
This paper provides a new geometric way to construct all exotic 7-spheres. Exotic spheres are differentiable manifolds that are homeomorphic but not diffeomorphic to standard spheres. The first examples were found by Milnor [Mi1] in 1956 among the S 3 -bundles over S 4 . It turned out that 7 is the smallest dimension where exotic spheres can occur except possibly in the special dimension 4. In any dimension n > 4 the exotic spheres and the standard sphere form a finite abelian group: the group Θ n of (orientation preserving diffeomorphism classes of) homotopy spheres [KM] . The inverse element in Θ n can be obtained by a change of orientation. In dimension 7 we have Θ 7 ≈ Z 28 . Hence, ignoring orientation there are 14 exotic 7-spheres. From these 14 exotic 7-spheres four (corresponding to 2, 5, 9, 12, 16, 19, 23 , 26 ∈ Z 28 ) are not diffeomorphic to an S 3 -bundle over S 4 [EK] . In 1974 Gromoll and Meyer [GM] constructed an exotic 7-sphere, Σ 7 GM , as quotient of the compact group Sp(2) by a two-sided S 3 -action. This construction provided Σ 7 GM automatically with a metric of nonnegative sectional curvature (K ≥ 0). The Gromoll-Meyer sphere Σ 7 GM was the only exotic sphere known to admit such a metric until 1999 when Grove and Ziller [GZ] constructed metrics with K ≥ 0 on all Milnor spheres, i.e., on all exotic 7-spheres that are S 3 -bundles over S 4 . In 2002 Totaro [To] and independently Kapovitch and Ziller [KZ] showed that Σ 7 GM is the only exotic sphere that can be modeled by a biquotient of a compact group and thus underlined the singular status of the Gromoll-Meyer sphere among all models for exotic spheres.
We nevertheless provide an elementary and direct generalization of the GromollMeyer construction. The essential components in this construction are natural selfmaps of S 7 , namely, the n-powers of unit octonions, n ∈ Z. In terms of quaternions these maps are defined by
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come equipped with a free action of the unit quaternions:
n , q ⋆ (u, v) = (quq, qv). Here, quq means that the two quaternionic components of u are simultaneously conjugated by q ∈ S 3 . The quotient of E 10 n by the free ⋆-action is a smooth manifold Σ 7 n := E 10 n /S 3 .
For n = 1 we have E 10 1 = Sp(2) (the group of quaternionic 2 × 2 matrices A with A t A = 1l) and the ⋆-action is the original Gromoll-Meyer action. Hence, Σ
GM . It is also easy to see that Σ 7 0 is diffeomorphic to S 7 .
Theorem 1. The differentiable manifold Σ 7 n is a homotopy sphere and represents the (n mod 28)-th element in Θ 7 ≈ Z 28 .
Let Z 2 × Z 2 denote the diagonal matrices of O(2) ⊂ Sp(2). All E 10 n admit a smooth action of Z 2 × Z 2 × S 3 that commutes with the free ⋆-action:
The induced effective action on Σ 7 n is an action of Z 2 × Z 2 × SO(3) where SO(3) = S 3 /{±1}. On Σ with the linear SO(3)-action given by (±q, u) → quq. We show that the latter situation changes when one extends the SO(3)-action by the commuting involution
in both charts. This involution fixes all points in the base of the bundle M
and induces the antipodal map on all the S 3 -fibers. For consistency, the group generated by SO(3) and the involution is denoted by {±1l} × SO(3).
Theorem 5. The fixed point set of the involution (−1l, ±i) on M 7 6n−1,3 is defined by the intersection of the the unit sphere S 9 ⊂ C 5 = C ⊕ C ⊕ C 3 with the complex hypersurface
It represents the (n mod 28)-th homotopy sphere in Θ 7 (see [Bk] ) and admits the natural SO(3)-action A, (w, z 0 , z) → (w, z 0 , Az). Many of the constructions in this paper generalize the constructions given in [DP] Recall from the introduction the definition of E 10 n ⊂ S 7 × S 7 :
For n = 1 the space E 10 1 can be equivalently seen as the group Sp(2) of 2 × 2 quaternionic matrices A such thatĀ
Lemma 2.1. E 10 n is the pull-back of Sp(2) by the map ρ n :
Proof. By the usual explicit construction, the total space of the pull-back bundle ρ * n Sp(2) is the submanifold of S 7 × Sp(2) consisting of all pairs (u, A) such that ρ n (u) is the first colum of A. It is evident, however, that in this construction we log the first column of A twice. Eliminating this redundancy leads to the definition of E 10 n above. This in particular shows that E 10 n is a submanifold of S 7 × S 7 .
Corollary 2.2. E 10 n is an S 3 -principal bundle over S 7 classified by n mod 12.
Proof. The S 3 -principal bundles over S 7 are classified by π 6 (S 3 ) ≈ Z 12 and the characteristic map of the bundle Sp(2) → S 7 generates π 6 (S 3 ) (see [Hu] or [DMR] for a more explicit reference). The map ρ n has degree n.
The principal bundle map E 10 n → S 7 is given by the projection to the first column. The corresponding free S 3 -action on E 10 n is given by
takes the explicit form
Recall from the introduction that there is a free S 3 -action q ⋆ (u, v) = (quq, qv) on E 10 n that commutes with the •-action and whose orbit space is the smooth manifold Σ 7 n . The pull-back diagram above extends to the following commutative diagram:
The degree of the induced map ρ
n represents the (n mod 28)-th element of Θ 7 requires several geometric constructions and is postponed until section 4.
Each principal bundle E 10 n admits a natural action of Z 2 × Z 2 × S 3 × S 3 × S 3 , where Z 2 × Z 2 denotes the diagonal matrices in O(2) ⊂ Sp(2):
Lemma 2.3. This action on E 10 n is of cohomogeneity 2.
Proof. The third S 3 -factor yields the principal action related to the bundle E 10 n → S 7 , (u, v) → u, i.e., this S 3 -factor acts simply transitively on the fiber over any u ∈ S 7 . The action of the first two S 3 -factors on S 7 has kernel {±(1, 1)} and induces a standard linear SO(4)-action on S 7 . By applying all three S 3 -factors one can transform an arbitrary point in E 10 n to a point of the form cos t+i cos s sin t − sin s sin nt sin s sin t cos nt−i cos s sin nt .
The diagonal in the first two S 3 -factors gives the Gromoll-Meyer action ⋆ corresponding to the principal bundle E 10 n → Σ 7 n . The third S 3 -factor and the Z 2 × Z 2 -factor yield the effective
n from the introduction. It is an interesting question for which n this •-action can be extended. The maximum dimension of any compact differentiable transformation group of an exotic 7-sphere is four [St] . On the original Gromoll-Meyer sphere Σ
on Sp(2) = E 
On the other Σ 7 n with n = −1, 0, 1, however, it seems likely that the Z 2 ×Z 2 ×SO(3)-action cannot be extended to any larger group, see Remark 4.5.
Question 2.4. Which E 10 n admit Riemannian metrics with K ≥ 0 that are invariant under the cohomogeneity 2 action above? If some E 10 n admits such a metric then by the O'Neill formulas the induced metric on Σ 7 n also has K ≥ 0. This would be particularly interesting for those Σ 7 n that are not diffeomorphic to S 3 -bundles over S 4 since on such exotic spheres no metrics with K ≥ 0 are known so far.
Remark 2.5. While there are twelve S 3 -principal bundles over S 7 there are 28 homotopy 7-spheres. This means in particular that some Σ 7 n are quotients of trivial bundles E 10 n . This phenomenon is well-known from surgery theory (see [Wa] ) in an inexplicit way.
Remark 2.6. Grove and Ziller [GZ] constructed cohomogeneity one metrics with K ≥ 0 on all S 3 × S 3 -principal bundles over S 4 . It is known that the (n mod 12)-th S 3 -principal bundle over S 4 is diffeomorphic to an S 3 × S 3 -principal bundles over S 4 if and only if n mod 12 ∈ {0, 1, 3, 4, 6, 7, 9, 10}. It is easy to see that the set of all integers n with n mod 12 ∈ {0, 1, 3, 4, 6, 7, 9, 10} maps surjectively on Z 28 . Thus, every element in Θ 7 can be represented by some Σ 7 n such that E 10 n admits a cohomogeneity one metric with K ≥ 0. However, this does not mean that Σ 7 n admits a metric with K ≥ 0 since the Gromoll-Meyer action E 10 n is not isometric with respect to the Grove-Ziller metric.
Invariant submanifolds and parity
In this section we will see that the even/odd grading of the generalized GromollMeyer spheres Σ 7 n is based on an elementary property of the maps ρ n . Consider the subsets
These are the preimages of the subspheres
Lemma 3.1. E 9 n and E 8 n are submanifolds of E 10 n diffeomorphic to S 6 × S 3 and S 5 × S 3 , respectively.
Proof. E 9 n → S 6 is a proper subbundle of E 10 n → S 7 and hence trivial. Proof. This is an immediate consequence of the two basic identities
Corollary 3.4. If n is odd, Σ 5 n is equivariantly diffeomorphic to the Brieskorn sphere W 5 3 with its natural Z 2 × Z 2 × SO(3)-action. If n is even, Σ 5 n is equivariantly diffeomorphic to the Euclidean sphere S 5 ⊂ R 3 × R 3 where SO(3)-acts diagonally on both R 3 -factors and each Z 2 -factor acts on one of the R 3 -factors.
Proof. From Lemma 7.4 of [DP] we know that Σ 5 1 is Z 2 × Z 2 × SO(3)-equivariantly diffeomorphic to W Proof. Analogous to the proof of Corollary 3.4 in [DP] this follows from the fact that Σ 5 n is the union of orbits whose isotropy groups contain elements of the form (−1l, ±q).
The geodesic join structure of Σ 7 n
We will now study the geometry of a one parameter family of Riemannian metrics on E 10 n and Σ 7 n and use the results to prove Theorem 1, Theorem 2 and Theorem 4. The one parameter family of metrics is defined in such a way that the constructions of [Du] and [DP] for Σ 7 GM can be extended to all Σ 7 n . We equip the total space of the principal bundle E 10 n → S 7 with the Riemannian metric · , · ν with ν > 0 defined by the following properties:
• The S 3 -fibers have constant curvature 1 ν .
• The horizontal distribution is given by the pull-back of the horizontal distribution of Sp (2) via the map ρ n , i.e., we pull-back the principal bundle connection of Sp(2).
• The metric · , · ν induces on S 7 the metric with constant curvature 1 by Riemannian submersion.
Such metrics are called connection metrics or Kaluza-Klein metrics.
The (3) and (4) is isometric with respect to the metric · , · ν . In particular, the Gromoll-Meyer action ⋆ is isometric and Σ 7 n inherits a Riemannian metric by Riemannian submersion, which will again be denoted by · ,
n is also isometric. Since the •-action commutes with the ⋆-action, it induces an effective isometric
Lemma 4.1. The common fixed point set of SO(3) in Σ 7 n is the circle Σ
Hence, for any SO(3)-invariant Riemannian metric on Σ 7 n , this circle Σ 1 n is a simple closed geodesic.
Proof. π Σ 7 n (u, v) is a fixed point of SO(3) if and only if for every q ∈ S 3 there is a
It is easy to see from the second column of this equation that all elements of S 3 occur for q ′ . Therefore, u must have two real components.
Note that the Z 2 × Z 2 -action on Σ 1 n is equivalent to the standard Z 2 × Z 2 -action on S 1 . In particular, for each point p ∈ Σ 1 n there is a natural antipode −p.
n is length minimizing on [0, π[ and we have γ(π) = −p and γ(2π) = p.
Proof. The proof is similar to the proofs of Theorem I in [Du] and Theorem 2.1 in [DP] . We lift γ horizontally to a geodesicγ in E 10 n with γ(0) = α(t) := cos t − sin nt sin t
Thatγ is horizontal with respect to E 10 n → Σ 7 n means that the geodesicγ passes perpendicularly through all ⋆-orbits. It is straightforward to check that
Thus,γ passes perpendicularly through S 3 •γ(0). A geodesic that passes perpendicularly through one orbit passes perpendicularly through all orbits. Hence,γ passes perpendicularly through all S 3 -orbits of the •-action. In other words,γ is horizontal to the principal fibration E 10 n → S 7 . Hence,γ projects to a geodesic β in S 7 . By definition of · , · ν the sphere S 7 inherits the metric with constant curvature 1 from E 10 n by Riemannian submersion. Since all unit speed geodesics of S 7 that start at β(0) = π S 7 (α(t)) pass through β(π) = −β(0) at time π we have
. This shows γ(π) = −γ(0) and γ(2π) = γ(0). Now let γ be a unit speed geodesic in Σ 7 n with γ(0) = p and γ 1 (l) = −p. By the construction above β is a unit speed geodesic in S 7 with β(l) = −β(0). Hence, l cannot be less than π. Proof. This follows from the construction in the proof of Theorem 4.2 if one recalls that the submanifolds E 1 n and E 9 n of E 10 n project to the submanifolds Proof. This is evident from Corollary 3.4 and Corollary 4.3.
In particular, all Σ 7 n with even n are mutually equivariantly homeomorphic and that all Σ 7 n with odd n are mutually equivariantly homeomorphic. This proves Theorem 2 from the introduction. . Using the identitỹ ρ n (γ n (t)) =γ 1 (nt) for the mapρ n : E 10 n → Sp(2) defined in section 2 it is straightforward to verify thatγ n is the unique horizontal lift of β to E 10 n withγ n (0) = 1l. Since the fibers of E 10 n → S 7 and E 10 n → Σ 7 n throughγ n (0) = ( 1 0 0 1 ) are the same (as sets), the geodesic γ n is horizontal with respect to both these fibrations. This shows that γ n = π Σ 7 n •γ 1 is a geodesic in Σ for some q ∈ S 3 if and only if (p ′ , w ′ ) = σ n (p, w) where σ is the exotic diffeomorphism of S 6 ⊂ Im H × H first described in [Du] . This diffeomorphism σ generates π 0 (Diff + (S 6 )). It is given by the formula n by gluing two 7-disks with the n-th power of a generator of π 0 (Diff + (S 6 )) ≈ Θ 7 ≈ Z 28 .
Remark 4.5. Let G be a compact group acting smoothly on Σ 7 n with Z 2 × Z 2 × SO(3) ⊂ G. Precisely as in [DP] , Lemma 3.7, one can show that G leaves Σ 1 n and Σ 5 n invariant. Let n ∈ {−1, 0, 1}. Comparing for different p ∈ Σ 1 n the closing behaviour of geodesics that start at p perpendicularly to Σ 1 n , one can see that Z 2 × Z 2 is the maximal compact group that acts isometrically on (Σ 7 n , · , · ν ) and effectively on the circle Σ 1 n . This difference from the cases n = −1, 0, 1 suggests that Z 2 × Z 2 × SO(3) is the full isometry group of (Σ 7 n , · , · ν ).
Remark 4.6. If we pull back the metric · , · ν on Sp(2) by the mapρ n then we obtain a degenerate metric · , · ′ ν on E 10 n that has the same geodesics through the circle Σ 1 n as the metric · , · ν . For n ∈ {−1, 0, 1} the metric · , · ′ ν is degenerate precisely over |n| − 1 subspheres in S 7 whose first quaternionic components have constant real part. With such a metric Σ 7 n looks like n copies of Σ 7 GM stacked one on top of the other, i.e., like a degenerate connected sum of n copies of Σ 
